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Abstract
At present, the deterministic models which are widely adopted cannot bemeet the structural reliability design requirements of
coastal engineering. In this paper, aiming to the uncertainty of four hydrodynamics parameters, i.e. wave height, wave period,
incident direction, and water level, a probability design of wave model tests and its analytical method are proposed, which can
be used for laboratory physical experiments and numerical model tests.
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1. Introduction
Considering the structure design of coastal (oceanic) engineering by using probability method or reliability
method has attracted extensive attention both at home and abroad, and the uncertainties of design parameters have
also been widely recognized (Wang and Liu, 1991; Lei et al. 2012; Wang and Wang, 1993; Goda, 1985). However,
at present, in the experiments of practical engineering design, the dynamic factors such as wave height, period,
incident direction, water level, wind and flow are still usually taken as invariable values. For example, in the
experiment of interaction between wave and structure, wave height or period with given return period, such as 50
years, is adopted. The similar methods also used in experiments to study sediment transportation and ship motion.
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This method has been employed for decades due its simplicity and convenience. However, this type of experiment
is still the deterministic test in fact.
For some finite and discrete empirical data (even though the duration of annual series for these data may be
longer), such as the annual extreme wave height and period, a probability model with the long-term distribution is
selected to match, whose curve fitting result is a unbiased estimation for these empirical data. Since the probability
of overestimation or underestimation is still large, besides, the duration of these data is usually not very long,
whether they can be used to extrapolate the long-term distribution or a return value for many years is still a
question. This uncertainty also includes the reliability of these limited empirical data. In terms of wave dynamics,
apart from the measured data quality of wave buoy in the field, during the data assimilation process, for a specified
wave height, the corresponding wave period can be varied, and the wave propagating direction can be changed
within a certain range. In addition, there is uncertainty of experimental conditions. Using the deterministic
conditions of coastal hydrodynamic forces to investigate their interactions with hydraulic structures is called as the
deterministic experiment method, which is frequently adopted in domestic research. Although by using of
deterministic experiment method, a certain result corresponding to the experimental condition can be obtained, this
experimental result actually has many uncertainties due to the uncertainty of input conditions.
Even if the uncertainties of input factors or their probability forms are known, the uncertainty of their actions on
structures or their probability distribution forms cannot be deduced by adopting the deterministic experiment
method, which leads to inconsistency between uncertain structure design and deterministic experimental condition.
Until to now, there is no specific literature to discuss how to conveniently and practically conduct experiment in
laboratory with consideration of the influence of uncertainty, and designer will not ask for conducting uncertainty
experiment in relevant scientific research.
It is difficult to conduct total probability model tests of the interaction between waves and hydraulic structures.
On the basis of well-known uncertainties for four ocean dynamic factors, i.e., wave height, wave period, incident
direction, and water level, this paper aims to discuss the design method of experimental probability model
considering two factors, i.e., the estimation uncertainty of long-term distribution due to finite and discrete data and
multi-value of raw data. And then, the analytical method of experimental results is discussed, which make the
results be better applied to engineering design.
2. Uncertainty of coastal dynamic forces
As it is well known that the hydrodynamic factors related to structural safety are wave, water level, flow, wind
and so on. The relationship can be expressed as:
c w
( , , ; ; ; )f H T h U Uρ θ (1)
where, H is the characteristic wave height, T is the characteristic wave period, θ is the angle of incident wave, h is
the designed water level, cU is the flow velocity, and wU is the characteristic wind speed.
2.1. Uncertainty of long-term distribution estimation
Long-term distribution values both for designed wave height and wave period are obtained through regression
analysis by assuming a given probability distribution , such as P-III  or Extreme value I. Assuming that the
average value of a random discrete variable X (a=MX) satisfies the normal distribution, whose variance is σ . It
can be found that the area under the curve in the range of a σ is 68.3% of the total area, in the range of 2a σ
is 95.5%. Fig. 1 is a basic diagram of the probability of the wave height under different confidence level, in which
the dash line is the mean value of the distribution, and the upper and lower solid lines outline the distribution with
the deviation of σ .
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2.2. Uncertainty of wave height and wave period
Fig. 2 is the research results of a practical project (Goda, 1985), in which the horizontal axis is the relative wave
period /T T , and the vertical axis is the relative wave height /H H . Table 1 lists the statistic values of wave
height and wave period measured from one of oceanography stations in the Yangtze River estuary, China.
Obviously, it can be seen from Fig. 2 and Table 1 that, a specified wave height can correspond to different wave
periods. Even though the broken wave height is adopt to coastal engineering, different wave periods may
correspond to different broken wave heights. The existed researches indicate that, the ratio of the significant wave
height
sH to water depth may be between 0.5 and 0.6, not a deterministic value. Furthermore, the different value
may have a large impact on structural safety.
Fig. 1. Demonstration of the confidence interval of the probability
distribution for the wave height. Fig. 2. Joint distribution of the wave height and wave period.
Table 1. Categorized statistics of the wave height and wave period at the station in Yangtze River estuary
T 1/10
H
1.0~1.4 1.5~1.9 1.9~2.4 2.5~2.9 3.0~3.4 3.5~3.9 4.0~4.4 4.5~4.9
2.0~2.9 20 1
3.0~3.9 308 38 4 1
4.0~4.9 953 228 29 7 3 1
5.0~5.9 793 302 42 10 3
6.0~6.9 376 186 30 14 3
7.0~7.9 187 89 16 7 1 1
8.0~8.9 89 37 6 3 2 2
9.0~9.9 25 21 1 5 1
10~10.9 21 11 6 4
11~11.9 19 9 3 1
12~12.9 12 2 2 1 1
13~13.9 12 10 1 1
14~14.9 1 5 4
2.3. Uncertainty of wave direction
In Chinese engineering design, the wave direction is usually divided into 16 quadrants, i.e. 22.5 being a unit,
which means that waves in adjacent directions need to be merged. Different codes have different combined
approaches. For example, Code of Hydrology for Sea Harbour (MOT, 2013), China, designates the combined
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direction of two adjacent waves as the major direction. Sometimes, however, small change of the incident direction
will have a relatively significant influence on harbor stability and breakwater structural stability.
2.4. Uncertainty of designed water level
Uncertainty of designed water level includes the water level fluctuation of storm surges, long-term waves, flood
waves and so on. The sea level rise also frequently discussed in recent years. The scientists of the Netherlands use
0.2 m, 0.6 m and 0.85 m to represent the short-term, dramatic change, and extreme situation to explore the
influence of the sea level rise on water level change.
In summary, the uncertainty of costal dynamic forces can be classified into two categories: one is the
uncertainty of numerical regression analysis; the other is the uncertainty of the original data. Since it is necessary
to determine the frequency and dominant direction of wave propagation, the type of uncertainty cannot be solved
by using of irregular wave experimental methods involving 2D/3D directional waves.
3. Basic design method of the probability model
3.1. Basic assumptions
Assumptions: (1) The design wave parameter Y uses the regression analysis on limited measured annual
extreme values for extrapolation, and its long-term distribution estimation e( )f Y is obtained. Since there is the
variance σ between the fitting curve and statistical values, the wave element eY with different return periods can
be calculated. (2) The deviation caused by estimation can be represented by the normal distribution. (3) The
variation of each parameter around its estimated value exists in a certain range, thus each value within this range
has equal opportunity, or it also obeys the normal distribution.
3.2. Probability model of the wave height
It is considered that the probability function of the long-term distribution for the empirical values of the wave
height, e( )f H with the average value of mH , has a certain form, such as Type I extreme value distribution. The
wave height with a specific return period is eH , whose variance of the regressive error between the empirical
values and theoretical curve is Hσ . Assume that the distribution of the empirical values of the wave height with
different return periods and the estimated deviation x are independent, the probability distribution of the wave
height considering the influence of the deviation can be written as:
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Thus, it can be seen that the experimental wave height should include
e
H and
e HH σ .
If the measurement error of the empirical value, y, is needed to be taken into consideration, and it can be any
value within the range ( , )A A  , which complies with the normal distribution, the joint distribution of two normal
distributions with mean value
x
a and ya is show as follow (Lin, 1978):
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For a arbitrary fixed value, x h , and then
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in which, ρ is the correlation coefficient between variables x and y. This is a normal distribution function with the
average of  yy x
x
a h a
σ
ρ
σ
  and the standard deviation of 21yσ ρ .
Assume that A equals 2 yσ of the normal distribution (the confidence interval of 95.5%), and the change of the
variable error y is irrelevant to the change of variable x, i.e., 0ρ  , the variance of this joint normal distribution
function, yσ , is 0.5A. The experimental wave height of the probability model is presented as:
r e 0.5HH H Aσ   (6)
3.3. Probability model of the wave period
Even though the corresponding wave period is multi-value after a specific wave height being determined, to
meet a practical engineering design requirement, the designed wave period corresponding to the given wave height
in engineering waters is also needed to be determined. Normally, there are two methods. One is to conduct
independent statistic analysis by using the wave period that corresponds to the annual extreme wave height, and the
wave period, which has the same probability with the wave height under different return periods, is obtained. The
concept of the wave period probability under different return periods obtained by this method is not very clear, and
the value is usually larger under a relatively large return period. Assume that the wave period and the wave height
are independent of each other, and use the same method dealing with the wave height in Section 3.2 to study the
influence of the deviation, i.e.,
e e e
( , ) ( ) ( | )T Tf T x f T f x T (7)
where, eT is an estimation with different return periods obtained by the regression method, and Tx is a variable of
the estimated deviation, which is assumed to comply with the normal distribution.
The other method is to obtain the relationship through the correlation analysis of the wave height and wave
period. The general form is shown as:
2
e 1T H
αα (8)
It can be transformed into
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Because the distribution form of H is known, e( )f T can be obtained, and its deviation Tσ is calculated through
the regression analysis. If Tσ is considered to comply with the normal distribution, its influence can be further
investigated. However, in terms of the wave period, its minimal value is limited by wave breaking. Assuming that
the period of wave breaking due to wave steepness or water depth is bT , the range of the wave period is
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(10)
Assuming that within this range, the error obeys the normal distribution, and its distribution and the distribution
of eT are mutually independent, e( )Tf x T will be obtained. On the basis of this experiment, the wave period that
is most dangerous to structures under a certain wave height, crT , also can be known.
3.4. Joint probability model of wave and its incident direction
If the distribution of the wave incident direction related to the main incident direction mθ is considered as
normally distributed, and its approximation is 22.5 
 , which is 2~3 times the deviation θσ , the experimental
range considering the influence of the deviation should be
r m
1 1
~ 22.5
3 2
θ θ    
  
(11)
If the main direction is a single value, d( ) 1.0f θ  and r mθ θ . And the most unfavorable incident direction is
denoted as crθ .
3.5. Probability model of water level
It is considered that the estimation of the designed water level is eh , and the distribution of its deviation dx is
normal or uniform in the variation range of eh , a b( , )h h . If the distribution of hx complies with the uniform
distribution,
a b
b ad
a b
2 2
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If hx accords with the normal distribution, similar to the design method of the wave height, the experimental
designed water level is
e hh h σ  (13)
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The most unfavorable water level in the range of a b( , )h h is denoted as crh .
4. Data analysis of the probability model
It can be concluded from the above analysis that, under a specific designed wave condition, the most dangerous
situation may not occur. Actually, it will happen under a condition with these design elements being varied in a
certain range. Namely
cr cr cr cr( , , , )S f H T hθ (14)
It should conduct more tests to obtain the most unfavorable design conditions under the combination of
different wave elements. To simplify experiments, assuming that the empirical estimated values of the wave height
H, wave period T, wave incident direction θ , and designed water level h are known, the joint distribution of Eq.
(1) can be written as:
( ) ( , , , )f S f H T hθ (15)
It is obviously that the incident direction and designed water level are independent to the wave height and
period, and Eq. (15) can converted into
( ) ( , ) ( ) ( ) ( ) ( ) ( ) ( )f S f H T f f h f H f T H f f hθ θ  (16)
Assuming that the empirical value of each parameter is deterministic under a certain design condition, and the
corresponding wave height and wave period are given, their own deviations are also independent, and the joint
distribution is depicted as:
e e e e( ) ( , ) ( , ) ( , ) ( , )H T hf S f H x f T x f x f h xθθ (17)
Each term on the right side of Eq. (16) is known through the experiments by using the method in Section 3.
From the interaction between the known values of each estimation and its deviation ( σ ) and hydraulic structure,
the influence of the deviation within different confidence intervals on the structural safety can be deduced.
If the relationship between the wave dynamics and structural response is linear, the probability distribution of
the structural response can be regarded the same as the hydrodynamic probability distribution, which can be
obtained by the probability model method in this paper. If it complies with the normal distribution, the estimation
of hydrodynamic forces and its corresponding response are the estimation value and deviation value of the
dynamic response.
If the relationship is nonlinear, the basic form of the distribution can be estimated by the values of the dynamic
response.
5. Conclusions
 The probability model should be adopted to conduct the experimental research due to the uncertainty of coastal
engineering hydrodynamic factors.
 In this paper, it is assumed that the uncertainties of wave dynamic elements caused by the fitting process and
deviation of the designed values can be described by the normal or uniform distribution, and the specific forms
of the deviation estimation for four designed parameters (wave height, wave period, incident direction and
water depth) are given, which can be applied to the experimental research.
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 To reduce the complexity of the total probability experimental model, this paper provides a multi-value
experimental method, which focuses on the deviation of σ . The probability distribution of the dynamic
response is obtained by the experimental results, which can be used to estimate the reliability of engineering
structures. The proposed method can be applied to other non-deterministic hydrodynamic experimental
researches in coastal engineering.
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